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The surface energy of nematic liquid crystals is deduced from a phenomenological point of view.
The idea of an easy surface tensor order parameter is proposed. An expression similar to a Landau
expansion for the free energy of a system characterized by two order parameters is deduced and
analysed. An interpretation similar to the one usually accepted for magnetic materials is given. The
possibility of surface transitions induced by temperature is discussed.
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1. Introduction

The presence of a surface introduces a surplus of
free energy in a nematic liquid crystal [1]. This surplus
of energy, usually called surface energy, is partially
due to a direct interaction among the molecules of the
nematic and the molecules of the substrate and par-
tially to an incomplete interaction among the mole-
cules of the nematic [2]. The first contribution depends
on the physical properties of the substrate and of the
nematic and, furthermore, on the geometry of the sur-
face. The second contribution depends only on the
physical properties of the nematic and on the geome-
try of the surface. If the surface is flat and isotropic, it
is characterised only by its geometrical normal N. In
the event in which the nematic can be considered as
uniaxial, it is characterised by the usual tensor order
parameter

Q;;=S(n;n _%511') >

where S is the scalar order parameter and n the nematic
director [3]. If a is parallel to the long molecular axis
of the molecules, supposed rod-like, forming the ne-
matic liquid crystal, S and n are defined by

S=3(n-a)y>-Y) and n=<a),
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where { ) means a statistical average over a macro-
scopic volume. The surface energy of a nematic phase
due to an isotropic and flat substrate is a function of
Q;;- This function can be derived by starting from first
principles. However, the calculations are very compli-
cated and the number of unknown parameters is so
large that the expressions for the surface energy that
one can derive from a microscopic point of view, are
usually not very useful. In this paper, we propose a
phenomenological expression for the surface free
energy of the nematic system. Our paper is organised
as follows: In Sect. 2 the phenomenological expression
for the surface energy is deduced. In Sect. 3 the easy
surface tensor order parameter for a planar problem is
determined. In Sect. 4 the surface transition of a ne-
matic liquid crystal is analysed and in Sect. 5 the main
conclusions of this analysis are stressed.

2. Phenomenological Expression for the Surface
Free Energy

It is possible to deduce an expression for the surface
energy following a procedure similar to the one used
by Landau to study bulk phase transitions [4]. In this
procedure, the surface energy f(Q;;) is expanded in a
power series of Q;; up to some order. The coefficients
of this expansion are then deduced by taking into
account the symmetry of the problem. In the case
considered, the element of symmetry of the surface is
represented by the vector, normal to the surface, of
components N;. The element of symmetry characteris-
ing the nematic is the tensor Q,;. In the event in which
we are interested in the surface properties of a nematic
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near to the clearing temperature T, where S is small,
f may be expanded up to the second order in Q;;. In
this case, one obtains

f@i) =f0)+C;; Qi+ Dijiu Qi; Qi + 0Q3), (1)

where f(0) is the surface energy of the isotropic phase
(the usual surface tension of isotropic liquids), and
O(3) means terms of the third order, or larger, in S.
The tensors C;; and D;;,, appearing in (1) are supposed
to be temperature independent and to take the sym-
metry of the surface into account [5]. Since Q;; = Q;;,
in (1) C;; and Dy, satisfy the following relations of
symmetry:

G = Cji >

Dijkl = Dklij ’ (2

Dijkl =Djj, = Dijlk = Djilk e

J

These tensors can be decomposed by means of Rivlin’s
rule in term of the unit tensor of the elements J;; and
of the components of the surface normal N; [6]. Simple
calculations give the expression

C;=C;0;;+C,N;N,, (3)
and for the tensor D;;,; one obtains
Dy =D, 8;; 04+ 1 D, (5, 6, + 6, 6;)
+1D;3(0; NN, + 6, N, N)
+ 3 D4(0: N; Ny + 3y N; Ny + 0 N; Ny + 9;, N; Np)
+ DsN; N, N, N, . 4)

e
(=
—

As it follows from the definition of ;, its trace is zero:
Q,; =0. Consequently, by putting (3) and (4) into (1),
one gets for the surface energy

f(Qij) =f(0) + Bu N; Qij N, + Bzo Qij Qij
+ B2 N; Q5 Qi N+ B2, (N; Q;5 N)?, (%)

where By =C,, Bro=D,, f21=D,, and B,,=D;.
An expression of the kind (5) for f has first been pro-
posed by Sluckin and Poniewierski [7] by following an
idea of Goossens [8]. The derivation of (5) could seem
unnecessary complicated; in fact, in the simple case of
an isotropic substrate it can be directly obtained by
writing down the five scalar invariants (up to the sec-
ond order in S) which can be made up from the tensor
of elements Q;; and the vector of components N;.
However, if the surface is not only characterised by its
geometrical normal, but also by some symmetry axes
(as in the case in which the solid substrate is a crystal),
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the above presented analysis can be useful. We stress
that the term B, N; Q;;N; is connected to a direct
interaction among the nematic molecules and the sub-
strate molecules via, e.g., the Van der Waals interaction
[9]. This term is linear in the scalar order parameter
and near T, the most important one. The other terms,
bilinear in Q;; have two different origins. The term
B20Q:; Q;; is due only to the incomplete nematic-
nematic interaction. The other terms are partially due
to the incomplete nematic-nematic interaction and
partially to the direct interaction of the nematic
molecules with the “surface field”.

If n is everywhere parallel to a plane, that we call
(x—2z)-plane, it is possible to put i = (sin(3), 0, cos(3)).
9 is the nematic tilt angle. In terms of S and 9 the
surface energy given by (5) writes

S(8:8) = P11 8(x=3) +3B205°+5 821 S (x +3)
+ 8228 (x — 3, (6)

where x=cos?> § and the isotropic term has been
dropped out.

From (6), it is evident that the surface free energy
depends on S and 9. These quantities play the role of
surface order parameters.

It is important to underline that near T, where B;;
can be considered temperature independent [10], the
easy surface scalar order parameter and the easy sur-
face orientation, defined as the values of S and 3 min-
imizing f, are temperature independent too.

3. Easy Surface Tensor Order Parameter

The “easy” surface tensor order parameter
0 _ Q0,0 .0 1
ij=S"(n; n; —35.‘,')

is the one minimizing the surface free energy. In the
planar case considered at the end of the previous sec-
tion, f is given by (6). Consequently the elements of

2, i.e. the “easy” surface order parameter S° and the
“easy” direction 9°, are defined as the values of S and
% minimizing f given by (6). The values of S and 9§

minimizing f, given by (6), are obtained by putting

of/oS =0 (7)
and
0f/03 =0. (8)
The solutions of the system (7), (8) minimize f if

3%/88* > 0 )
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and
aZf azf aZf 2
H‘W%F‘(asas e (10)
By using (6), the system (7), (8) writes )

ﬂu(X—%)‘*’%Igzos‘*‘%ﬁus(x"'%)‘i'zﬁzz S(x— %)2=0,

2[ﬂ11+% ﬁ215+2ﬂ225(x—§)]S|/x(l—x)zO. (8)

Solutions of system (7'), (8') are:

3 B >
—— s 11
2 <3520+2(/321+ﬁ22) (1)

which corresponds to homeotropic alignment,

xx=1, Si=

3 ﬁll )
Xp=0, Sp==—= ; (12)
? ) <6B20+(ﬁ21+322)
which corresponds to planar alignment,
Xc=3%, Sc¢=0, (13)

which corresponds to the surface isotropic state, and

XD=_<1+4§_§(1)>’

SD=3( ﬁl;} )’
8822 <1+3 %)‘ﬁn

21

(14)

which corresponds to tilted orientation.
By substituting the solutions (11)—(14) into (9)—(10),
simple calculations give

az
<a_sj;> =g[3ﬂ20+2(ﬂz1+ﬁzz)], (15a)
2B50+ B2y
H(4)=2p}, : 15b
A= 2P S 2Bt B (150)
62
<a—5£> =%[6520+(B21+ﬂ22)1, (16a)
6B30+ B2y
H(B) =3 B, , 16b
el 6B50+ (B21+ B12) (160)
az
<a_5£> =3B+ 3 B2ils (17a)
H(C)=-3pi:- (17b)
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Similar calculations allow to analyse the stability of
the tilted phase. The relations (17) show that the sur-
face isotropic state never corresponds to a stable state,
since it yields no extremes for the surface energy f. The
analysis of (15) shows furthermore that the A-case
(homeotropic alignment) is stable if

3Br0+2(B21+ B22) >0,

2B30+ B21>0,

B11<0, Byl <2[3Br0+2 (B2 + B33,
following from (8%f/0S),> 0, H(A) >0, S, >0 and

S, < 1, respectively. The same analysis shows that the
B-case (planar alignment) is stable if

6B10+ (B21+ B22) >0,
6B20+ B21>0,
B11>0, Bii< % [6B20+ (B21+ B2a)],

(18)

(19)

following from (8%f/9S%)z >0, H(B) > 0, Sg > 0 and
Sg < 1, respectively.

If B,,=0, ie. the nematic-nematic interaction is
negligible with respect to the nematic-substrate inter-
action (14) shows that x, = —1 for every B;;. This
means that, in this frame, the easy direction is parallel
or perpendicular to a solid, flat and isotropic sub-
strate. This result is not surprising and follows directly
from the symmetry of the problem. Furthermore, in
this case (18) and (19) write

Bai+ B22>0,
B21> 0, (18)
B1.1<0, IBlll<§(ﬁ21+B22)
and
Ba1t+ B22>0,
B21>0, (19)

B11>0, ﬁ11>§(ﬁ21+ﬁ22)-

Equations (18’) and (19’) show that, according to the
sign of B,,, if B,;+ B,,>0 and B,,>0, the easy
direction is homeotropic (8, < 0) or planar (8,, > 0).
If 51+ B,>> 0but ,, <0, the homeotropic or planar
alignments correspond to a maximum of the surface
energy. Note that, in the cases (18’) and (19’), the
fourth inequality is not taken into account in our
analysis because it is not connected with the stability
of the phase but with the maximum value of the scalar
order parameter S (which is arbitrarily assumed equal
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to unity). Finally, if f,,/(f,,+ f,,) <0, f is never
extremised for any 3 € (0, 3) and S € (0, 1).

Beside these simple analytical considerations, de-
duced by the expression of the surface energy f, given
by (6), we can conclude that:

i) if B,,=0, the easy direction is homeotropic or
planar, according to the values of the phenomeno-
logical parameters f;;;

ii) if B,,+ O, the easy direction can be tilted (3 & 0
or %), if the f;; coefficients satisfy some conditions;
iii) the isotropic surface state is never stable.

4. Surface Transitions in Nematic Liquid Crystals

All the conclusions obtained in the previous section
are independent of the temperature because the ex-
pansion coefficients, present in (6), are supposed tem-
perature independent. Recent papers [2, 7], by using a
phenomenological expression similar to (6) try to in-
terpret surface transitions experimentally observed in
nematic liquid crystals by different groups [11—16]. In
the quoted papers the analysis is performed by sup-
posing the surface scalar order parameter equal to the
bulk one at the considered temperature. In this frame,
the surface energy is considered as a function only of
the surface tilt angle. The easy direction is obtained by
minimizing the surface energy with respect to the sur-
face tilt angle [2, 7]. By assuming for the surface scalar
order parameter a temperature dependence of the
kind

S(T)=4] LT

T,

where 4 is a constant and T, a temperature larger
than the clearing temperature T, by some degrees, it is
possible to deduce the temperature behaviour of the
surface tilt angle and of the anchoring energy [2]. The
theoretical results are in good agreement with the
experimental results [2, 7].

In the frame of the present analysis of the surface
energy, the approach of [2, 7] has to be considered as
a first approximation. In fact, S (as 3) on the surface
must be considered a free parameter. Of course, by
minimizing f given by (6), one obtains the result that
the extremising values of S and § on the surface are
temperature independent. Consequently no surface
transitions could be expected. However, it is necessary
to point out that to minimize f in order to find the
easy direction is meaningful only if S and 9 are posi-
tion independent, i.e. uniform across the sample. If 9

E}
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may be considered constant (since it changes over a
distance of the order of the sample thickness), but S is
position dependent (since it changes over a distance of
the order of the coherence length), the previous analy-
sis has to be modified. In fact, in this case, it is neces-
sary to minimize the total free energy instead of the
surface energy alone. The total energy is, in the frame
of a Landau-Ginzburg [4] approach

(20)

. ( 1 ds)\? d
I = EL e +£o(8) = fo(Sp) | dz + £ (36, So),
0

where the z-axis is normal to the surface, L is an elastic
constant, f, the bulk free energy density of a uniform
nematic, S, the bulk scalar order parameter depend-
ing only on the temperature, and f(9,, S,) the surface
energy given by (6), S, =S(0) and 3,= 9(0). The first
term in (20), as is well known, comes from the non
uniformity of S and is a bulk contribution.
By minimizing # one obtains

d:s  df,
—_— 21
dz* ds 1)
for the bulk and
d of
_ _S _f -0, (22)
dz 0§,
of
B 23
- (23)

for the boundary conditions at z=0. By assuming S|,
not very different from S, at the considered tempera-
ture, and hence | S(z)— S, | < 1, trivial calculations give

S(z) =S, +(Sg— Sy) e, (24)
where
2,
v—2=i dfb (25)
L \dS? Js_s,

is the square of the coherence length in the nematic
phase [17]. By substituting (24) into boundary condi-
tions (22) one obtains

of L I

— 4+ —=8=—72S,- 26

3, T 0T (26)
Equation (26), with (23) allows to determine S, and
3o, 1.e. the surface properties of the nematic. We
underline that, in the uniform situation in which the
scalar order parameter can be considered position in-
dependent, instead of (26), one has to use the condition
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9f/0S =0, as shown before. By introducing an effective
surface energy, defined by

F= f+—2(50 S,

the boundary conditions (26) and (23) may be re-
written as

oF _oF
oS, 09,

27

=0, (28)

i.e. in the same form in the uniform case. Note that the
second term in (27) takes the spatial variation of S into
account. It can be deduced by substituting (24) into
(20). This term is, actually, a bulk term, even if it plays
the role of a surface contribution to the effective sur-
face energy.

By using for f the phenomenological expression (6),
F can be rewritten in the form

F= ﬁuso(xo_%) 3 3[3203(2,4- lﬂn S§(xo+ %)

+522S(2)(x0 )2+ E(so_sb)z
in which the temperature is present through ¢ and S,,.
The analysis from now on is standard. From (29),

simple calculations give

(29)

oF
gzﬁn(xo_%)+%Bzoso+§ﬁz1so(xo+%)
0
L
+2B2250(x0_%)2+€(so_sb)’
aF 2 2( 1] o
[B11so+ B21 S5+ 2B, S5(x0— 3)]5m(290)~
69
OF OF
By putting 52520’ we obtain that x =1
0 0

(homeotropic), x=0 (planar), x+0, 1 (tilted) are solu-
tions of the second equation. Let us consider only
the homeotropic state. Its scalar order parameter is
given by

L
?Sb _§ﬂ11
SO,A= L P (30)
= +%[B20+%(ﬁ21+ B22)]

¢
as follows from the first equation of the system. In the
case in which $,,<0, ,,<0, f,,<0 and $,,>0,
straightforward calculations show that the homeo-
tropic phase is stable only if

L
—> 231820l + 20821l +1B8221)]

31
: (1)
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and

Bis
1B21l + 41822l

Let us suppose, as in a classical Landau theory for the
bulk, for S,(T) and &~ 1(T) the laws

LT LT
V V 33)
T, (T) o |

where &, is a bare correlation length. Expressions (33)
are written in the hypothesis of a second order phase
transition. This is not correct, but the analysis is sim-
pler than the correct one, and the main characteristics
do not change. By substituting (33) into (31) and (32),
one obtains that the homeotropic phase is stable for
T < T, where T can be evaluated in terms of the phe-
nomenological parameters ;. Simple calculations
give

T= To{ |: o (21B20l +1B211 +1B221) — Bll] }

For T > T, the stable configuration is the tilted or the
planar one, according to the values of §;;. In the event
in which, for T > T, the stable state is the tilted one, it
is easy to show that 3 oc |/ T — T, as experimentally
detected by Faetti and co-workers [14]. Other infor-
mation on the surface phase transitions can be de-
duced by analysing the solutions extremising F given
by (29), but they are not important in this context.

So,a > (32)

5. Conclusions

By using symmetry arguments, a phenomenological
expression for the surface energy of a nematic liquid
crystal bounded by an isotropic flat medium has been
deduced. The analysis of the obtained surface energy
allows to introduce the idea of an easy surface tensor
order parameter as recently suggested by G. Durand
and co-workers [18]. Furthermore the surface order
transition, possible in nematic liquid crystals, can be
interpreted as a coupling between the bulk and surface
scalar order parameter. A simple analysis based on a
Landau-Ginzburg expression of the energy has been
proposed.
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